It is shown that the union of a sequence T 1 , T 2 , . . . of R-bounded sets of operators from X into Y with R-bounds τ 1 , τ 2 , . . ., respectively, is Rbounded if X is a Banach space of cotype q, Y a Banach space of type p, and ∞ k=1 τ r k < ∞, where r = pq/(q−p) if q < ∞ and r = p if q = ∞. Here 1 ≤ p ≤ 2 ≤ q ≤ ∞ and p = q. The power r is sharp. Each Banach space that contains an isomorphic copy of c 0 admits operators T 1 , T 2 , . . . such that T k = 1/k, k ∈ N, and {T 1 , T 2 , . . .} is not R-bounded. Further it is shown that the set of positive linear contractions in an infinite dimensional L p is R-bounded only if p = 2.
Introduction
During the past few years a theory of L p -multipliers for operator valued functions has been developed by means of the notion of R-boundedness of sets of operators, see for example [1, 2, 3, 4, 5, 6, 7, 8, 10, 12, 13, 17, 18, 19] . This theory has been applied to study maximal regularity of certain abstract evolution equations. For instance, L. Weis has shown in [18] that maximal L p -regularity of the abstract Cauchy problem u (t) = Au(t) + f (t) for a.e. t ≥ 0, u(0) = 0,
in a Banach space X is equivalent to R-boundedness of the operator set {λ n (λI − A) −n : λ ∈ iR} for some n ∈ N = {1, 2, . . .}, whenever A is the generator of a bounded analytic semigroup on X and X is a UMD-space. Similarly, Arendt and Bu have shown in [1] that maximal L p -regularity of the problem u (t) + Au(t) = f (t) for a.e. t ∈ [0, π] u(0) = u(π) = 0 (2) comes down to R-boundedness of
Whether or not these sets of operators are R-bounded depends on the space X and the operator A that are considered. In order to be able to establish R-boundedness in specific cases, it seems useful to have a rich theory on manipulations with R-bounded sets at one's disposal. This paper concerns unions of R-bounded sets in the Banach spaces X = L q (µ), where (A, A, µ) is an arbitrary measure space, and 1 ≤ q < ∞. More generally, Banach spaces X and Y are considered where X has cotype q and Y has type p. It will be shown in Section 3 that the union of a sequence T 1 , T 2 , . . . of R-bounded sets of operators in L(X, Y ) with R 2 -bounds τ 1 , τ 2 , . . ., respectively, is R-bounded if ∞ k=1 τ r k < ∞, where r = pq/(q − p) and 1 ≤ p ≤ 2 ≤ q ≤ ∞, p = q. In particular, a sequence of operators {T 1 , T 2 , . . .} on L p (µ), 1 ≤ p < ∞, is R-bounded whenever ∞ k=1 T k 2 < ∞. In Section 4 it is shown that the power r in the union theorem of Section 3 is sharp for X = q (N) and Y = p (N). It is also shown that Banach spaces that contain a copy of c 0 admit operators T 1 , T 2 , . . . such that T k = 1/k, k ∈ N, and {T 1 , T 2 , . . .} is not R-bounded. The ideas of Section 4 yield a characterization of L 2 (µ) among L p (µ), 1 ≤ p ≤ ∞, by means of R-boundedness of positive contractions and isometries. This is discussed in Section 6. Section 7, finally, presents two examples related to resolvent families.
Preparations
Let X and Y be a real vector spaces with norms · X and · Y , respectively, and let L(X, Y ) denote the space of bounded linear operators that map X into
for every n ∈ N, every x 1 , . . . , x n ∈ X and every T 1 , . . . , T n ∈ T . The number τ r is called an R r -bound of T . We always assume that the spaces (X, · X ) and (Y, · Y ) are Banach spaces. Kahane's inequality (see [15, Theorem 1.e.13, p. 74]) says that for every p, q ∈ [1, ∞) there exists a constant K p,q (X) ≥ 0 such that
for every n ∈ N and every x 1 , . . . , x n ∈ X. Thus a set T ⊂ L(X, Y ) is R rbounded for every r ∈ [1, ∞) as soon as it is R r -bounded for some r ∈ [1, ∞) and therefore it is then simply called R-bounded.
We will focus on Banach spaces X that have cotype q ∈ [2, ∞] and Banach spaces Y that have type p ∈ [1, 2] , that is, there exist constants M X , M Y ≥ 0 such that for every n ∈ N, x 1 , . . . , x n ∈ X, and y 1 , . . . , y n ∈ Y the inequalities n k=1 In order to abbreviate notations, we fix a probability space (Ω, F, P) and independent identically distributed (i.i.d) random variables ε 1 , ε 2 , . . . defined on (Ω, F, P) with P(ε 1 = −1) = P(ε 1 = 1) = 1/2. Expectation is denoted by . Then, for instance,
The next proposition collects some preliminary results which are needed in the sequel (see also [5, 7, 12, 19] ). Proposition 2.1. Let X, Y , and Z be Banach spaces, let 1 ≤ r < ∞, and let S, T ⊂ L(X, Y ) and U ⊂ L(Y, Z) be R r -bounded by σ, τ , and u, respectively.
2. If S ⊂ T , then S is R r -bounded by τ .
3. US = {U S : U ∈ U, S ∈ S} is R r -bounded by uσ.
T ∪ {0}
is R r -bounded by τ .
5. S + T = {S + T : S ∈ S, T ∈ T } is R r -bounded by σ + τ .
6. S ∪ T is R r -bounded by σ + τ .
7.
If Λ is a directed partially ordered set and (T λ ) λ∈Λ is an increasing family of subsets of L(X, Y ) such that T λ is R r -bounded by τ for every λ ∈ Λ, then λ∈Λ T λ is R r -bounded by τ .
Proof. The statements 1, 2, and 3 are straightforward from the definition. Because of statement 3 it suffices for 4 to prove that {0, I Y } is R r -bounded by 1. Let n ∈ N and y 1 , . . . , y n ∈ Y . For every x, y ∈ Y the triangle inequality yields x + y + x − y ≥ 2 x and since t → |t| r is convex one has
Therefore, if m < n,
To complete the proof of 4, use induction and the observation that
To show 5, let n ∈ N, x 1 , . . . , x n ∈ X, and S 1 , . . . , S n ∈ S, T 1 , . . . , T n ∈ T . The triangle inequality for the r -norm yields
For 6, observe that S ∪ T ⊂ (S ∪ {0}) + (T ∪ {0}) and apply 2, 4, and 5. Statement 7 follows directly from the definition.
It follows from 2 and 6 of Proposition 2.1 that the notion of R-boundedness defines a bornology in L(X, Y ) and thus the word 'boundedness' is justified (see [11] ).
The R r -bound for the union S ∪ T given in 6 of Proposition 2.1 may seem rather large. It turns out, however, that this bound is the best bound that holds in general. In particular, a countable set {T 1 , T 2 , . . .} need not be R-bounded if the norms T 1 , T 2 , . . . are not summable (see Theorem 5.1). On the other hand, in a Hilbert space a union of R-bounded sets is R-bounded if their Rbounds are bounded. It may be expected that for X = Y = L p the conditions providing R-boundedness of a union of R-bounded sets is somewhere between boundedness and summability of the R-bounds of the components. That is, more towards boundedness if p is close to 2 and more towards summability if p is large. Theorem 3.1 shows that this expectation is true.
R-boundedness of unions
The proof of the next theorem uses the following observation on type and cotype of Bochner spaces. If (A, A, µ) is a measure space and X a Banach space of
More specifically, if X is of type p with type p constant M , then L 2 (µ, X) also has type p constant M , and if X is of cotype q with cotype q constant M , then also L 2 (µ, X) has cotype q constant M . These facts can easily be proved by means of the inequality
which holds for p ≥ 1, and the reversed inequality, which holds for 0 < p ≤ 1,
Proof. Let n ∈ N, T 1 , . . . , T n ∈ T and let x 1 , . . . , x n ∈ X. Choose a partition I 1 , . . . I K of {1, . . . , n} satisfying
Here K is a finite number and some of the sets I k may be empty. Let (Ω , F , P ) be a probability space and let ε k,i , i ∈ I k , k = 1, . . . , K, be i.i.d. random variables on (Ω , F , P ) with P (ε k,i = −1) = P (ε k,i = 1) = 1/2. Then also the products ε k ε k,i , i ∈ I k , k = 1, . . . , K, (in the usual way extended to Ω × Ω ) are i.i.d. random variables with uniform distribution on {−1, 1}. Denote expectation with respect to P by .
Let us start the estimations. In the next sequence of inequalities we use consecutively type p of L p (P , Y ), R-boundedness, Hölder's inequality, and cotype q of L q (P , X). We obtain for q < ∞,
If q = ∞, we only have to replace
and recall that any Banach space is of cotype ∞.
The case p = q = 2, which is not treated in the previous theorem follows directly from the definitions. If X is of cotype 2 and Y is of type 2, then every bounded subset of L(X, Y ) is R-bounded. Moreover, if M X is a cotype 2 constant of X and M Y is a type 2 constant of Y and if T ⊂ L(X, Y ) and τ ∈ R are such that T ≤ τ for all T ∈ T , then M X M Y τ is an R 2 -bound of T . Further notice that the cases p > 2 and q < 2 are not of interest, since the only Banach space with type p > 2 or cotype q < 2 is {0} (see [15, p. 73 
]).
Corollary 3.2. Let X be a Banach space of type 2 or cotype 2.
Let X be a Banach space of cotype q and let Y be a Banach space of type p. Let
is an R 2 -bound of this set, where r p,q , M Y , and M X are as in Theorem 3.1.
Example 3.4. (Cesaro means) Let 1 ≤ p ≤ 2 ≤ q ≤ ∞, p = q, and either p > 1 or q < ∞, and let X be a Banach space of type p and cotype q. Let M 1 be a type p constant and M 2 be a cotype q constant. Let T ∈ L(X) be such that T ≤ 1 and 1 ∈ ρ(T ). Let
Then the set {S 1 , S 2 , . . .} is R-bounded. More specifically, for each n ∈ N the set {S 1 , . . . , S n } is R 2 -bounded by
Corollary 3.3 yields that the set {S 1 , . . . , S n } is R 2 -bounded by
Since p > 1 or q < ∞, we have r p,q > 1 and C is finite. The proof is completed by the observation that the sets {S 1 , . . . , S n } are increasing in n and that for all m
Sharpness of the powers
We will show next that the power r p,q in Theorem 3.1 is sharp. That means, if 1 ≤ p ≤ 2 ≤ q ≤ ∞, p = q, and s > r p,q , then there are Banach spaces X and Y such that X is of cotype q and Y of type p and there are sets
. ., respectively, such that
In fact we show more. If 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, not q ≤ 2 ≤ p, and s > r p,q where
The analysis is based on Khintchine's inequality (see [14, 
for all n ∈ N and all α 1 , . . . , α n ∈ R.
Lemma 4.1. Let (A, A, µ) be a measure space, let 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞, let 1 ≤ r < ∞, n ∈ N, and α 1 , . . . , α n ∈ R. Suppose that there exist e 1 , . . . , e n ∈ L p (µ) ∩ L q (µ) with e k ≥ 0, e k = 0, e k ∧ e = 0 for all = k and k = 1, . . . , n.
) and let τ be an R r -bound of {α 1 T 1 , . . . , α n T n }.
1. If T k e k = e 1 and e k q = 1 for k = 1, . . . , n, then
2. If T k e 1 = e k and e k p = 1 for k = 1, . . . , n, then
3. If T k e k = e k and e k q = 1 for k = 1, . . . , n, then τ ≥ n −1/q (α 1 e 1 p , . . . , α n e n p ) p if q < ∞ and τ ≥ (α 1 e 1 p , . . . , α n e n p ) p if q = ∞ .
Here c r and C r are constants that satisfy (3).
Proof. For any β 1 , . . . β n ∈ R and s = p or s = q, disjointness of the e k yields 
and the lower bound for τ follows. Similarly, 2. and 3. are shown by choosing x k = e 1 and x k = e k for k = 1, . . . , n, respectively.
2. If p < 2, q ≤ 2, and s > r p,q , then
Proof. 1. For an n ∈ N, choose x k = ¢ {k} , k = 1, . . . , n. According to Lemma 4.1.1, an R r -bound of {(1/k) 1/s S k : k ∈ N} would be greater than c r n −1/q ( n k=1 k −2/s ) 1/2 if q < ∞ and greater than c r ( n k=1 k −2/s ) 1/2 if q = ∞, for every n ∈ N. As ( n k=1 k −2/s ) 1/2 ≥ n 1/2−1/s , and 1/2 − 1/s − 1/q > 0, this is impossible.
2. For n ∈ N, choose x k = ¢ {1} , k = 1, . . . , n. According to Lemma 4.1.2, an R r -bound of {(1/k) 1/s T k : k ∈ N} would be at least C −1 r n −1/2 (
which is greater than C −1 r n −1/2+1/p−1/s . This is impossible, as
It follows from the previous proposition that the power r p,q is sharp in Theorem 3.1 for X = q (N) and Y = p (N). Indeed, observe first that the operators S k , T k , and U k are contractive from X into Y . In the case p ≥ 2 and q > 2, we can choose for each s > r p,q a t ∈ (r p,q , s) and then ( 
is not R-bounded, by Proposition 4.2.1. In the case p < 2 and q ≤ 2 we consider (1/k) 1/t T k , k ∈ N, and use Proposition 4.2.2. If p ≤ 2 ≤ q we use (1/k) 1/t U k and Proposition 4.2.3. Observe that in the remaining case q ≤ 2 ≤ p the space X = q (N) has cotype 2 and Y = p (N) has type 2, so that every bounded subset of L(X, Y ) is bounded.
5 Banach spaces containing c 0 Theorem 3.1 might raise questions about converse implications. For instance, for which Banach spaces X is the following statement true: if T 1 , T 2 , . . . are bounded linear operators on X and ( T k k ) k ∈ r (N) for some r > 1, then {T k : k ∈ N} is R-bounded. Corollary 3.3 yields that this property is true if X is of type p > 1 or of cotype q < ∞. We will show next that the above property does not hold for Banach spaces containing an isomorphic copy of c 0 .
Theorem 5.1. Let X be a Banach space that contains an isomorphic copy of c 0 . Then there are T 1 , T 2 , . . . ∈ L(X) such that T k = 1/k and such that {T 1 , T 2 , . . .} is not R-bounded. More specifically, one can arrange that there exists a constant C > 0 such that the R-bound of {T 1 , . . . , T n } is ≥ C n k=1 1/k for every n.
Proof. For clarity of the argument we first consider the case that X = c 0 . Define for n ≥ 1 and 0 ≤ m ≤ n the blocks of indices
and the elements
.
Define for k = 1, 2, . . . the operators
Since the elements y n k , n ∈ N, have disjoint supports, we obtain T k ∈ L(c 0 ). Further, for each n ∈ N, T k ¢ {2 n +k} = (1/k)y n k , and T k = 1/k, k = 1, 2, . . ..
We claim that {T 1 , T 2 , . . .} is not R-bounded. Indeed, let n ∈ N and let x k = ¢ {2 n +k} , k = 1, . . . , n. As the x k are disjointly supported and x k ∞ = 1, we have
On the other hand, if ε ∈ {−1, 1} n , then we can choose 1 , for m = 2, . . . , n. With i ∈ I n n, n we find that
(1/m).
Thus,
It follows that {T 1 , T 2 , . . .} is not R-bounded. Actually we have shown that the smallest R 1 -bound of {T 1 , . . . , T n } equals n k=1 1/k = n k=1 T k . Next, let X be a Banach space such that there exists a linear injection i : c 0 → X and constants c, C > 0 such that
For n, k ∈ N the map x → (i −1 (x))(2 n + k) is a bounded linear function on i(c 0 ) with norm ≤ C and according to Hahn-Banach's theorem it can be extended to a bounded linear functional ϕ n,k on X with ϕ n,k ≤ C. Now define the operators
If we fix n ∈ N and let
The assertions now follow easily.
6 Characterization of L 2 Lemma 4.1 leads to a characterization of L 2 among L p by means of R-boundedness of positive linear contractions and isometries. By a linear contraction on a Banach space (X, · ) we mean a linear map T ∈ L(X) with T ≤ 1. The map T ∈ L(X) is an isometry if T x = x for all x ∈ X. If X is a Banach lattice, then we call a linear map T :
We further recall that an atom in a σ-finite measure space (Ω, F, µ) is a set A ∈ F with µ(A) > 0 such that for every E ∈ F with µ(E \ A) = 0 either µ(E) = µ(A) or µ(E) = 0.
Theorem 6.1. Let (Ω, F, µ) be a measure space, let 1 ≤ p ≤ ∞, and let X = L p (µ). Assume that X is infinite dimensional.
1. The set of all positive linear contractions on X is R-bounded if and only if p = 2.
2. If X is separable, then the set of all positive linear surjective isometries on X is R-bounded if and only if p = 2.
Proof. 1. Since in a Hilbert space every uniformly bounded set of operators is R-bounded, the 'if' part is clear. Suppose that p = 2. Let n ∈ N be arbitrary. Since L p (µ) is infinite dimensional, there exist mutually disjoint sets
Further define
. . , n, and
It is easily checked that T is a positive linear contraction from X into X. Further, T e i = e i−1 for i = 2, . . . , n and T e 1 = e n . Let T i := T i−1 , i = 1, . . . , n. Then Lemma 4.1 yields that any R r -bound of {T 1 , . . . , T n } is at least c r n 1/2−1/p ∨ C −1 r n 1/p−1/2 if p < ∞ and at least c r n 1/2 if p = ∞. It follows that the set of positive linear contractions is not R-bounded.
2. As before, the 'if' part is well known. Suppose that p = 2. Since L p (µ) is infinite dimensional, there are mutually disjoint sets
. Any positive linear surjective isometry on L p (µ 1 ) extends (by identity on L p (µ 2 )) to a positive linear surjective isometry on L p (µ). It therefore suffices to show that the positive linear surjective isometries on L p (µ 1 ) are not R-bounded.
It will be convenient and ligitimate to interpret inclusions and equalities in (Ω 1 , F 1 , µ 1 ) modulo sets of measure zero. We adopt the formalism of [9] to view (Ω 1 , F 1 , µ 1 ) as a measure algebra rather than a measure space. If A and B are two distinct atoms in the measure algebra, then A ∩ B = ∅. As (Ω 1 , F 1 , µ 1 ) is σ-finite, it contains at most countably many atoms, say B i , i ∈ N , where N ⊂ N. The sets Ω 3 = i∈N B i and Ω 4 
Two examples
The purpose of this section is to indicate how the previous results can be used for manipulations with resolvent families. We do not establish R-boundedness of the resolvent families mentioned in the Introduction and the examples serve as mere illustration. Let X be a Banach space of type p > 1 or of cotype q < ∞. For instance, X = L p (µ), where 1 ≤ p < ∞ and (Ω, F, µ) is a measure space. Let (T (t)) t≥0 be a strongly continuous semigroup on X with generator A such that (0, ∞) ⊂ ρ(A).
Example 7.1. The following two statements are equivalent:
If we show the implication (b)⇒(a), then the equivalence is clear. We may assume that m = 1. We use that for a map λ → S(λ) :
This follows readily from Proposition 2.1.1, 4, 5, and 7 and the observation that
Since there exists a constant M ≥ 0 such that
it follows that for each k ∈ N,
is R r -bounded by (M/k n )((k + 1) n − k n ) ≤ M n((k + 1)/k) n−1 /k. By Theorem 3.1, it follows that ∞ k=1 T k is R-bounded, so that {λ(λI − A) −1 : λ ≥ 1} ⊂ {k n (k n I − A) −1 : k ∈ N} + ∞ k=1 T k is R-bounded. Example 7.2. If T (t) ≤ 1 for all t ≥ 0 and if the set of Cesaro means {n −1 (T (1) + · · · T (n)) : n ∈ N} is R-bounded, then the set { ∞ 1 λe −λt T (t) dt : λ ≥ 0} is R-bounded. Here ∞ 1 λe −λt T (t) dt denotes the bounded linear operator x → ∞ 1 λe −λt T (t)x dt. For a proof, denote S n := n −1 n k=1 T (1) k , n ∈ N. We first show that the set { n k=1 λe −λk T (k) : λ ≥ 0, n ∈ N} is R-bounded. Indeed, according to [19, Lemma 2.2.6] , the convex hull of the set of Cesaro means and the zero operator co{0, S k : k ∈ N} is also R-bounded. Now use that { n k=1 α k T (k) : n ∈ N, α 1 ≥ α 2 ≥ · · · ≥ α n ≥ 0, n k=1 α k ≤ 1} = co{0, S k : k ∈ N}. For a proof, notice for the less obvious inclusion that for α 1 ≥ α 2 ≥ · · · ≥ α n ≥ 0 with α 1 + · · · + α n ≤ 1 the choice β k := k(α k − α k+1 ), 1 ≤ k ≤ n, (α n+1 := 0) yields Due to Proposition 2.1.3 we obtain the asserted R-boundedness. Finally, notice that { ∞ 1 λe −λt T (t) dt : λ ≥ 0} is in the strong closure of { n 1 λe −λt T (t) dt : λ ≥ 0, n ∈ N}, so that it is an R-bounded set (see [19, Theorem 2.2.8] or [7] ).
If 1 ∈ ρ(T (1)), then Example 3.4 yields that {S k : k ∈ N} is R-bounded. It remains to investigate whether the set { 1 0 λe −λt T (t) dt : λ ≥ 0} is Rbounded, in order to establish R-boundedness of the set {λ(λI − A) −1 = ∞ 0 λe −λt T (t) dt : λ ≥ 1}.
